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Abstract
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The concept of amenability for a Banach algebra A was introduced by Johnson in 1972 [21],
and has proved to be of enormous importance in Banach algebra theory. Several modifications of
this notion were introduced in [13] and [15]. In the current paper we continue the investigation
of these, in particular that of approximate amenability.
Let A be a Banach algebra, and let X be a Banach A-bimodule. A derivation is a linear map
D : A → X such that
D(ab) = a ·D(b)+D(a) · b (a, b ∈ A).
Throughout, unless otherwise stated, by a derivation we mean a continuous derivation. For x ∈ X,
set adx : a → a · x − x · a, A → X. Then adx is the inner derivation induced by x. The derivation
D : A → X is approximately inner if there is a net (xα) in X such that
D(a) = lim
α
(a · xα − xα · a) (a ∈ A),
so that D = limα adxα in the strong-operator topology of B(A,X).
The dual of a Banach space X is denoted by X∗; in the case where X is a Banach A-bimodule,
X∗ is also a Banach A-bimodule. For the standard dual module definitions, see [3].
Definition 1.1. Let A be a Banach algebra.
(i) A is approximately amenable if, for each Banach A-bimodule X, every derivation D :A → X∗
is approximately inner;
(ii) A is approximately contractible if, for each Banach A-bimodule X, every derivation
D :A → X is approximately inner.
The qualifier sequential prefixed to the above definitions specifies that there is a sequence of
inner derivations approximating each given derivation. Similarly, the qualifier weak∗ prefixed to
the definition of approximate amenability specifies that the convergence is in the weak∗ topology
of X∗.
Of course, each amenable Banach algebra is approximately amenable. Some approximately
amenable Banach algebras which are not amenable are constructed in [13]. Further examples
have been shown by Ghahramani and Stokke [14]: the Fourier algebra A(G) is approximately
amenable for each amenable, discrete group G, but it is known that these algebras are not always
amenable.
Throughout, the second dual of a Banach algebra A will always be equipped with the first
(or left) Arens product. Thus (x, y) → xy is a continuous function of y ∈ A∗∗ for each x ∈ A,
and a continuous function of x ∈ A∗∗, for each y ∈ A∗∗. Finally, A will denote A with identity,
denoted by e, adjoined.
2. A useful equivalence
The following is a sharpening of [6, Proposition 2.1].
Theorem 2.1. For a Banach algebra A the following are equivalent.
1778 F. Ghahramani et al. / Journal of Functional Analysis 254 (2008) 1776–1810(1) A is approximately contractible;
(2) A is approximately amenable;
(3) A is weak∗-approximately amenable.
Proof. It suffices to show that (3) ⇒ (1).
Suppose that (3) holds. Then A is weak∗-approximately amenable. Following the classical
argument of B.E. Johnson, as in [13, Theorem 2.1], there is a net (Mν) ⊂ (A ⊗̂A)∗∗ such that
for each a ∈ A, a · Mν − Mν · a → 0 and π∗∗(Mν) → e in the weak∗-topology of (A ⊗̂ A)∗∗
and A∗∗, respectively.
Now take ε > 0, and finite sets F ⊂ A, Φ ⊂ (A)∗, and N ⊂ (A ⊗̂ A)∗. Then there is ν
such that ∣∣〈a · f − f · a,Mν〉∣∣= ∣∣〈f,a ·Mν −Mν · a〉∣∣< ε
and ∣∣〈φ,π∗∗(Mν)− e〉∣∣< ε
for all a ∈ F,φ ∈ Φ and f ∈ N .
By Goldstine’s theorem, and the weak∗-continuity of π∗∗, there is m ∈ A ⊗̂A such that∣∣〈f,a ·m−m · a〉∣∣= ∣∣〈a · f − f · a,m〉∣∣< ε and ∣∣〈φ,π(m)− e〉∣∣< ε
for all a ∈ F,φ ∈ Φ and f ∈ N .
Thus there is a net (mλ) ⊂ A ⊗̂ A such that for every a ∈ A, a · mλ − mλ · a → 0 and
π(mλ) → e, weakly in A ⊗̂A and A, respectively.
Finally, for each finite set F ⊂ A, say F = {a1, . . . , an},(
a1 ·mλ −mλ · a1, . . . , an ·mλ −mλ · an,π(mλ)
)→ (0, . . . ,0, e)
weakly in (A ⊗̂A)n ⊕A. Thus
(0, . . . ,0, e) ∈ coweak{(a1 ·mλ −mλ · a1, . . . , an ·mλ −mλ · an,π(mλ))}.
The Hahn–Banach theorem now gives that for each ε > 0, there is uε,F ∈ co{mλ}, such that
‖a · uε,F − uε,F · a‖ < ε and
∥∥π(uε,F )− e∥∥< ε
for a ∈ F . Thus we have (1) by [13, Proposition 2.6(a)]. 
Remark 2.2. Note that the sequential version of this result is false [14, Remark 4.10].
3. Uniform notions
Recall that a Banach algebra A is uniformly approximately amenable if every continuous
derivation from A into any dual Banach A-bimodule may be approximated uniformly on the unit
ball of A by inner derivations. Clearly any amenable Banach algebra is uniformly approximately
amenable. In this section we prove that the converse is also true. An alternative proof is given
in [24]. The contractible analogue is given in [13, Theorem 4.1].
F. Ghahramani et al. / Journal of Functional Analysis 254 (2008) 1776–1810 1779Theorem 3.1. A Banach algebra A is uniformly approximately amenable if and only if it is
amenable.
Proof. Let A be uniformly approximately amenable. Note that A is amenable (uniformly ap-
proximately amenable) if and only if its unitization A is amenable (respectively uniformly
approximately amenable), and so without loss of generality we may assume that A has a unit e.
Consider A ⊗̂Aop with the product specified by
(a ⊗ b)(c ⊗ d) = ac ⊗ db (a, b, c, d ∈ A).
Let π : A ⊗̂ Aop → A be the product map. To show A is amenable it suffices to show that
K0 = ker(π) has a bounded right approximate identity [19, Theorem VI.2.20], or, equivalently,
that K∗∗0 has a right identity [2, Proposition 11.4], [8, Theorem 33.3].
For a, b ∈ A and t ∈ A ⊗̂Aop, we have
(a ⊗ b)t = a · t · b. (1)
By the weak∗ continuity of the actions involved, (1) also holds for t ∈ (A⊗̂Aop)∗∗. Take t ∈K∗∗0 .
Then for s =∑j aj ⊗ bj ∈K0, noting that ∑j aj bj = π(s) = 0, and using (1), we have
st − s =
∑
j
(aj ⊗ bj )t − t
∑
j
aj bj −
∑
j
aj ⊗ bj + e ⊗
∑
j
aj bj
=
∑
j
(aj · t − t · aj − aj ⊗ e + e ⊗ aj ) · bj .
It follows that
‖st − s‖
∑
j
‖aj‖‖bj‖ sup
a∈A1
‖a · t − t · a − a ⊗ e + e ⊗ a‖,
where A1 denotes the unit ball of A.
So we have
‖st − s‖ ‖s‖ sup
a∈A1
‖a · t − t · a − a ⊗ e + e ⊗ a‖ (2)
for each s ∈ K0. Now take s ∈ K∗∗0 . Then there is a net (si) ⊂ K0 such that ‖si‖  ‖s‖ and
si
wk∗−→ s. Thus si t − s wk
∗−→ st − s and ‖st − s‖  supi‖si t − si‖. It follows that inequality (2)
holds for all s ∈K∗∗0 .
Consider the continuous derivation D : A →K∗∗0 defined by
D(a) = a ⊗ e − e ⊗ a.
From the hypothesis, there is a sequence (tn) ⊂K∗∗0 , and εn → 0 such that
‖a · tn − tn · a − a ⊗ e + e ⊗ a‖ εn‖a‖ (a ∈ A).
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satisfies ‖ρtn − idK∗∗0 ‖ < 1 for n sufficiently large. Take such n, so that ρtn is invertible. By
surjectivity, there is x ∈ K∗∗0 such that xtn = tn. Then for each y ∈ K∗∗0 we have (yx − y)tn =
0. From the injectivity of ρtn this implies yx = y (y ∈ K∗∗0 ). So K∗∗0 has a right identity, as
required. 
In contrast to Theorem 2.1 the above theorem and [13, Theorem 4.1] indicate that uniform
approximate amenability and uniform approximate contractability are not the same.
Corollary 3.2. If a finite-dimensional Banach algebra is approximately amenable, then it is al-
ready amenable.
Proof. If a Banach algebra A is finite-dimensional and is approximately amenable, then it is
uniformly approximately amenable. So the conclusion follows from Theorem 3.1. 
4. Sequence space examples
As usual c00 will be the subalgebra of CN consisting of sequences having finite support.
Definition 4.1. A Banach sequence algebra on N is a Banach algebra A which is a subalgebra
of CN such that c00 ⊂ A.
It is known that a Banach sequence algebra A is approximately amenable whenever it has a
bounded approximate identity [6, §3]. Indeed, a simple variant on the argument there shows the
following.
Proposition 4.2. Let A be a commutative semisimple Banach algebra with discrete maximal
ideal space, and suppose that A has a bounded approximate identity consisting of elements of
compact support. Then A is approximately amenable.
A slightly more general result is given in [14].
All known approximately amenable algebras have bounded approximate identities, though in
general all that can be said is that approximately amenable algebras have one-sided, possibly
unbounded, approximate identities. Thus it is of interest to know conditions under which an
approximately amenable algebra must have a bounded approximate identity. We first observe
that the arguments of [6, Corollaries 2.2. and 3.5] in fact show the following.
Proposition 4.3. Either of the following conditions is sufficient for A to be sequentially approxi-
mately contractible.
(i) A is a Banach algebra with identity e and there exists (Gn) ⊂ A ⊗ A with π(Gn) = e and
such that for every a ∈ A,
‖a ·Gn −Gn · a‖ → 0.
(ii) A is a Banach sequence algebra with a bounded sequential approximate identity in c00.
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Theorem 4.4. Let A be a Banach sequence algebra such that (Enk ) is an approximate identity
for some increasing sequence (nk)k0. Then A is sequentially approximately contractible if and
only if A has a bounded sequential approximate identity in c00.
Proof. Suppose that A is sequentially approximately contractible. We take (Enk ) unbounded
otherwise there is nothing to prove. By going to a subsequence if necessary, we may suppose
that Pk = Enk+1 −Enk is an unbounded sequence of idempotents. Set P0 = En1 . Define Tk : x →
Enkx for x ∈ A. Then (Tk) converges pointwise to the identity, so by uniform boundedness there
is B > 0 such that ‖Tk‖  B for all k. Thus setting Qk = Tk+1 − Tk , we have ‖Qk‖  2B for
each k, yet the implementing elements Pk are unbounded in norm. Set Zk = Pk/‖Pk‖.
Now our hypothesis gives sequences (Mn) ⊂ A ⊗̂ A, and (Fn) ⊂ A such that (Fn) is an
approximate identity for A and for any x ∈ A,
x ·Mn −Mn · x − x ⊗ Fn + Fn ⊗ x → 0.
Indeed, since (Enk ) is an approximate identity for A, it follows that c00 is dense in A, so we may
assume that Mn ∈ c00 ⊗ c00 and Fn ∈ c00.
By uniform boundedness, it follows that there is a constant L 0 such that
‖x ·Mn −Mn · x − x ⊗ Fn + Fn ⊗ x‖ L‖x‖ (n ∈ N). (3)
Set x = Zk in (3). Then
‖Zk ·Mn −Mn ·Zk −Zk ⊗ Fn + Fn ⊗Zk‖ L (n ∈ N). (4)
Write Fn =∑j f (n)j ej , Mn =∑i (∑j a(n)ij ej )⊗ (∑ b(n)i e) where
∑
i
∥∥∥∥(∑
j
a
(n)
ij ej
)∥∥∥∥∥∥∥∥(∑

b
(n)
i e
)∥∥∥∥ ‖Mn‖ + 1.
Note that each of the sums here is finite. Now
‖Pk‖(Zk ·Mn −Mn ·Zk −Zk ⊗ Fn)
= Pk ·Mn −Mn · Pk − Pk ⊗ Fn
=
∑
i
(
nk+1∑
j=nk+1
a
(n)
ik ej
)
⊗
(∑
j
b
(n)
ij ej
)
−
∑
i
(∑
j
a
(n)
ij ej
)
⊗
(
nk+1∑
=nk+1
b
(n)
i e
)
−
nk+1∑
j=nk+1
ej ⊗
(∑
i
ni+1∑
=ni+1
f n e
)
.
Multiply through on the right by the idempotent Pk , this is a map with bound 2B . Noting that
ZkPk = Zk , we have
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=
∑
i
(
nk+1∑
j=nk+1
a
(n)
ik ej
)
⊗
(
nk+1∑
=nk+1
b
(n)
i e
)
−
∑
i
(∑
j
a
(n)
ij ej
)
⊗
(
nk+1∑
=nk+1
b
(n)
i e
)
−
nk+1∑
j=nk+1
ej ⊗
nk+1∑
=nk+1
f n e. (5)
Consider the terms on the right-hand side of (5). For each k, ‖Pk‖−1∑nk+1j=nk+1 ej has unit
norm; and
∑nk
=nk+1 f
n
 e → 0 as k → ∞.
Further,∥∥∥∥∥∑
i
(
nk+1∑
j=nk+1
a
(n)
ik ej
)
−
∑
i
(∑
j
a
(n)
ij ej
)∥∥∥∥∥ (1 +B)‖
∥∥∥∥∑
i
(∑
j
a
(n)
ij ej
)∥∥∥∥,
so the other terms have norm at most∥∥∥∥∥∑
i
(
nk+1∑
j=nk+1
a
(n)
ik ej
)
−
∑
i
(∑
j
a
(n)
ij ej
)∥∥∥∥∥ ·
∥∥∥∥∥
(
nk+1∑
=nk+1
b
(n)
i e
)∥∥∥∥∥
 2B(1 + 2B)
∑
i
∥∥∥∥∑
j
a
(n)
ij ej
∥∥∥∥∥∥∥∥∑

b
(n)
i e
∥∥∥∥
 2B(1 + 2B)(‖Mn‖ + 1).
Since ‖Pk‖ → ∞, it follows that for each n,
Zk ·Mn · Pk −Mn · Pk −Zk ⊗ Fn · Pk → 0 (k → ∞).
But since from (4),
‖Zk ·Mn · Pk −Mn ·Zk · Pk −Zk ⊗ Fn · Pk + Fn ⊗Zk · Pk‖ 2BL
for all k,n, we have ‖Fn‖ = limk ‖Fn ⊗Zk‖ = limk ‖Fn ⊗Zk · Pk‖ is bounded.
Thus (Fn) is a sequential bounded approximate identity for A contained in c00. The converse
is Proposition 4.3(ii). 
In particular, consider the Feinstein algebras Aα [11]. Let α = (αn) be a sequence of strictly
positive reals. Define
Aα =
{
x = (xn) ∈ c0: ‖x‖ := ‖x‖∞ +
∞∑
n=1
αn|xn+1 − xn| < ∞
}
.
These algebras have a bounded approximate identity if and only if lim infαn < ∞, and are
amenable if and only if
∑
αi < ∞ [11] and [28]. Moreover, they always have an approximate
identity of the form (En ) [11].k
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if lim infαk < ∞, if and only if it has a bounded approximate identity.
Proof. If Aα is sequentially approximately contractible, Theorem 4.4 shows that Aα has a
bounded approximate identity, and so lim infαn < ∞ as noted above. Conversely, lim infαn < ∞
implies Aα has a bounded approximate identity, whence Aα is sequentially approximately con-
tractible by Theorem 4.4. 
Theorem 4.4 shows that 1(ω) under pointwise operations is never sequentially approximately
contractible. In fact it is never approximately amenable [6].
Suppose now that αk ≡ 1, and take a sequence (mk) such that mk >mk−1 + 1, let
I = {x ∈ Aα: xj = 0 unless j ∈ {mk}}.
Then I is a closed ideal in Aα , and I isomorphic to 1. Under the supposition on (mk) [28,
Lemma 5.4] shows that I is complemented in Aα . Thus Aα is sequentially approximately con-
tractible, with a bounded approximate identity, yet I is a complemented ideal which is not even
approximately amenable [6]. This is in contrast to the situation with amenability.
We remark that taking I ⊂ Aα to be the ideal that “sits” on the even integers, so ZI = 2N+ 1,
J that on the odd integers so that ZJ = 2N, then both I and J are isomorphic to 1, are comple-
mented (but not complementary) ideals in Aα , I ∩ J = {0}, and I + J is dense. This just reflects
the fact that one cannot just set terms to zero and expect to remain inside Aα .
Example 4.6. (Suggested by Garth Dales, some details are also in [5].) Let S be the semigroup N
with product mn = min{m,n}, and take A∧ = 1(S) with convolution product. The point masses
{δn: n ∈ N} are idempotents with dense span, whence A∧ is weakly amenable. However, it is not
amenable [10, Theorem 2]. We show that A∧ is sequentially approximately contractible.
For a =∑aiδi ∈ A∧,
δna =
n∑
i=1
aiδi +
(∑
i>n
ai
)
δn → a
as n → ∞, so that (δn) is a sequential bounded approximate identity. The Gelfand transform for
A∧ is the map Φ : A∧ → c0 given by
Φ(x) =
(∑
i1
xi,
∑
i2
xi, . . .
)
,
which is clearly injective with range containing c00. Thus A∧ can be considered as a Banach
sequence algebra. Proposition 4.3(ii) shows that A∧ is sequentially approximately contractible,
with Gn = En ⊗En and En the required sequences when viewed in Φ(A∧). Lifting back to A∧
gives Fn = δn ⊗ δn which satisfies π(Fn) = δn. However to fit with [6, Proposition 2.3] requires
a sequence F ′n satisfying π(F ′n) = 2δn. In fact, setting δ0 = 0,
F ′n = Fn +
n∑
(δj − δj−1)⊗ (δj − δj−1)
j=1
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π
(
F ′n
)= δn + n∑
j=1
(δj − δj−1)(δj − δj−1) = δn +
n∑
j=1
(δj − δj−1) = 2δn.
Since
δk(δj − δj−1) =
{
δj − δj−1, j  k,
0, k  j − 1,
for k  n we have
δk · F ′n − F ′n · δk + δn ⊗ δk − δk ⊗ δn
= δk
n∑
j=1
(δj − δj−1)⊗ (δj − δj−1)−
n∑
j=1
(δj − δj−1)⊗ (δj − δj−1)δk
= 0,
and for k > n,
δk · F ′n − F ′n · δk + δn ⊗ δk − δk ⊗ δn = δk · Fn − Fn · δk + δn ⊗ δk − δk ⊗ δn.
So for a ∈ A∧,
a · F ′n − F ′n · a + δn ⊗ a − a ⊗ δn
=
(∑
i>n
aiδi
)
· Fn − Fn ·
(∑
i>n
aiδi
)
+ δn ⊗
(∑
i>n
aiδi
)
−
(∑
i>n
aiδi
)
⊗ δn
= δn ⊗
(∑
i>n
aiδi
)
−
(∑
i>n
aiδi
)
⊗ δn → 0 (n → ∞). (6)
For the product mn = max{m,n}, A∨ = 1(S) has δ1 as an identity.
Define the (unbounded) sequence
Gn = δ1 ⊗ δ1 +
n∑
i=2
(2δi ⊗ δi − δi ⊗ δi−1 − δi−1 ⊗ δi) (n ∈ N).
Then π(Gn) = δ1 is clear. Further, for  n,
δ ·Gn −Gn · δ = δ ⊗ δ1 − δ1 ⊗ δ + 2
n∑
i=2
(δ ⊗ δi − δi ⊗ δ)
−
n∑
i=2
(δ ⊗ δi−1 + δ ⊗ δi)+
n∑
i=2
(δi ⊗ δ + δi−1 ⊗ δ)
= δn ⊗ δ − δ ⊗ δn.
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δ ·Gn −Gn · δ
= δ ⊗ δ1 − δ1 ⊗ δ + 2
∑
i=2
(δ ⊗ δi − δi ⊗ δ)+ 2
n∑
i=+1
(δi ⊗ δi − δi ⊗ δi)
−
∑
i=2
δ ⊗ δi−1 −
n∑
i=+1
δi ⊗ δi−1 −
n∑
i=+2
δi−1 ⊗ δi −
+1∑
i=2
δ ⊗ δi
+
+1∑
i=2
δi ⊗ δ +
n∑
i=+2
δi ⊗ δi−1 +
n∑
i=+1
δi−1 ⊗ δi +
∑
i=2
δi−1 ⊗ δ.
Looking at the terms with δk as first factor, for various values of k, we have
δ ⊗
(
δ1 + 2
(
∑
i=2
δi − δl
)
−
∑
i=2
δi−1 −
+1∑
i=2
δi + δ+1 + δ
)
= 0,
for r < ,
δr ⊗ (−2δ + δl + δl) = 0,
and for r > ,
δr ⊗ (−δr−1 − δr+1 + δr−1 + δr+1) = 0.
Thus δ ·Gn −Gn · δ = 0 for r < .
It follows that for a =∑aiδi ∈ A∨,
a ·Gn −Gn · a =
∑
kn
ak(δn ⊗ δk − δk ⊗ δn) −→ 0 (n → ∞). (7)
So A∨ is sequentially approximately amenable by Proposition 4.3(i).
5. Boundedly approximate amenability
Definition 5.1. A Banach algebra A is boundedly approximately amenable if for every Banach
A-bimodule X, and every continuous derivation D : A → X∗, there is a net (ξi) ⊂ X∗ such that
the net (adξi ) is norm bounded in B(A,X∗) and such that
D(a) = lim
i
adξi (a) (a ∈ A).
Replacing X∗ with X in the above definition, we then have the notion of boundedly approxi-
mately contractible.
Note that it is the net of derivations (adξi ) that is required to be bounded, not the implementing
net (ξi). On the other hand, if A is amenable [16, Proposition 1] shows that A is boundedly
approximately contractible with the implementing net bounded.
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A standard argument shows the following.
Proposition 5.3. A Banach algebra A is boundedly approximately amenable if and only if there is
a constant Lb > 0 such that for any A-bimodule X, and any continuous derivation D : A → X∗,
there is a net (ξi) ⊂ X∗ such that
(1) supi‖adξi‖ Lb‖D‖; and
(2) D(a) = limi adξi (a) (a ∈ A).
Proof. The “if” part being trivial, assume that A is boundedly approximately amenable. If there
is no such Lb, then for every integer n ∈ N there is a module Mn with constant at least n for some
norm one derivation Dn from A into M∗n . Take the module 1(Mn) with dual ∞(M∗n). Then the
derivation D = (Dn) into the latter has constant at least n, for each n, a contradiction. 
In terms of the basic characterization of approximate amenability, we have the following
somewhat unsatisfactory result.
Theorem 5.4. Suppose that the Banach algebra A is boundedly approximately amenable. Then
there is a net (Mν) ⊂ (A ⊗̂ A)∗∗ and a constant L > 0 such that for each a ∈ A, a · Mν −
Mν · a → 0, π∗∗(Mν) → e, and ‖a · Mν − Mν · a‖  L‖a‖. Conversely, if A has this latter
property and (π∗∗(Mν)) is bounded, then A is boundedly approximately amenable.
Proof. The argument of [13, Theorem 2.1] suffices. 
The uniform boundedness principle shows that every sequentially approximately amenable
Banach algebra is boundedly approximately amenable.
Proposition 5.5. Suppose that A is a boundedly approximately amenable Banach algebra. If A
is separable as a Banach space, then it is sequentially approximately amenable.
Proof. Let {bn: n ∈ N} be a countable dense subset of A. Let X be a Banach A-bimodule and
D :A → X∗ be a continuous derivation. Since A is boundedly approximately amenable, there is
a constant c > 0 such that for each n ∈ N there is ξn ∈ X∗ such that
∥∥D(bk)− (bk · ξn − ξn · bk)∥∥< 1
n
(k = 1,2, . . . , n), and
‖a · ξn − ξn · a‖ c‖a‖ (a ∈ A).
This shows that the sequence (ξn) ⊂ X∗ satisfies
D(bk) = lim (bk · ξn − ξn · bk) (k ∈ N),
n→∞
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A imply that
D(a) = lim
n→∞(a · ξn − ξn · a) (a ∈ A).
Therefore, D is sequentially approximately inner. 
The same argument gives the next.
Proposition 5.6. Suppose that A is a boundedly approximately contractible Banach algebra. If
A is separable as a Banach space, then it is sequentially approximately contractible.
Example 5.7. Let A = c0(S) where S is uncountable. Then A is amenable and hence is bound-
edly approximately contractible. But A cannot be sequentially approximately contractible, for
otherwise c0(S) would have a sequential approximate identity, which is impossible. So, without
separability Proposition 5.6 is not true.
Example 5.8. Let ω0 be the first infinite ordinal, and ω1 the first uncountable ordinal. For each
non-zero ordinal λ, let Sλ be the set λ taken as a semigroup under the product ∧. Consider the
resulting algebras 1(Sλ).
For λ < ω0 these are finite-dimensional and amenable. We have 1(Sω0) boundedly approxi-
mately amenable as earlier, with Lb  2 from Eq. (6).
Indeed, for any ordinal λ the same calculation with δn replaced by δλ+n shows that 1(Sλ+ω0)
is boundedly approximately amenable with Lb = 2. Note that (here the factor of 2 is merely a
technical device)
1(Sω1) =
⋃{
1(Sλ+2ω0): λ < ω1
}
.
Further (δλ+ω0)λ<ω1 is an approximate identity for 1(Sω1) of bound 1: for a =
∑
aκδκ , we have
δλ+ω0a =
∑
κ<λ+ω0
aκδκ +
( ∑
λ+ω0κ<ω1
aκ
)
δλ+ω0 → a.
Since δλ+ω0 ∈ 1(Sλ+2ω0) and δλ+ω01(Sω1) ⊂ 1(Sλ+2ω0) [14, Theorem 2.3] shows that 1(Sω1)
is approximately amenable, and checking the argument shows that Lb = 2.
Yet 1(Sω1) is not sequentially approximately contractible. For if it were then in particular
there would be a sequence (un) in 1(Sω1) such that, for every a ∈ 1(Sω1),
a − una → 0. (8)
But all the un have support in some countable set, and so in an interval [0, λ] for some λ < ω1.
But then so does una for any a. So (8) fails for a = δμ for any μ> λ.
Given a Banach algebra A with unitization A, set π : A ⊗̂Aop → A to be the product map,
and set K= kerπ . One of the standard characterizations of amenability [19, Theorem VII.2.20]
is the existence of a bounded right approximate identity in K. As we now show, boundedly
approximate amenability can be characterized in a similar fashion. First a simple lemma.
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boundedly approximately amenable.
Proof. Let A be boundedly approximately amenable, X a Banach A-bimodule, D : A → X∗
a derivation. As in [13, Proposition 2.4] by adjusting by an inner derivation of norm at most
4‖D‖ we may suppose that X is neo-unital, and so D(e) = 0.
By assumption, there is (x∗i ) ⊂ X∗ and M > 0 such that for a ∈ A:
D(a) = lim
i
(
a · x∗i − x∗i · a
)
,
and for all i, ∥∥a · x∗i − x∗i · a∥∥M‖a‖.
Since D(e) = 0 and e · x∗ = x∗ · e (x ∈ X∗), it follows that
D(a + αe) = lim
i
(
(a + αe) · x∗i − x∗i · (a + αe)
)
,
and ∥∥(a + αe) · x∗i − x∗i · (a + αe)∥∥M‖a‖M‖a + αe‖,
so that A is boundedly approximately amenable.
Conversely, let X be an A-bimodule, and D : A → X∗ a derivation. Setting e · x = x · e = x
makes X into an A-bimodule. Setting D(e) = 0 extends D to A. Supposing A is boundedly
approximately amenable, there is (x∗i ) ⊂ X∗ and M > 0 such that for all a ∈ A,
D(a) = lim
i
(
a · x∗i − x∗i · a
)
, with
∥∥a · x∗i − x∗i · a∥∥M‖a‖,
as required. 
In the following theorem π still denotes the product map from A ⊗̂ Aop into A and K
denotes the kernel of π .
Theorem 5.10. A Banach algebra A is boundedly approximately amenable if and only if there is
a net (ui) ⊂K∗∗ and M > 0 such that:
(1) k · ui → k for each k ∈K;
(2) ‖k · ui‖M‖k‖ for all k ∈K and all i.
Proof. Suppose that A is boundedly approximately amenable, and let D : A → K∗∗ be the
derivation D(a) = a ⊗ e − e ⊗ a. Then there is a net (ui) ⊂ K∗∗ and M > 0 such that for all
a ∈ A,
D(a) = lim
i
(a · ui − ui · a), with ‖a · ui − ui · a‖M‖a‖ for all i.
We show that (ui) has the desired properties.
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k · ui =
∑
n
an · ui · bn =
∑
n
an · ui · bn −
∑
n
ui · anbn =
∑
n
(an · ui − ui · an) · bn,
so that
‖k · ui‖
∑
n
‖an · ui − ui · an‖‖bn‖M
∑
n
‖an‖‖bn‖,
and so (2) is satisfied.
Take ε > 0, and write k = k1 + k2 where
k1 =
N∑
n=1
cn ⊗ dn ∈K and ‖k2‖ < ε.
This is possible by [19, Proposition II.2.13]. Then, as above,
k1 · ui =
N∑
n=1
cn · ui · dn =
N∑
n=1
(cn · ui − ui · cn) · dn. (9)
Since D(a) = a ⊗ e − e ⊗ a for a ∈ A,
k1 =
N∑
n=1
cn ⊗ dn =
N∑
n=1
(cn ⊗ e − e ⊗ cn) · dn =
N∑
n=1
D(cn) · dn. (10)
Putting (9) and (10) together,
‖k1 · ui − k1‖
N∑
n=1
∥∥cn · ui − ui · cn −D(cn)∥∥‖dn‖ < ε,
provided that i is sufficiently large. Since
‖k2 · ui − k2‖ (M + 1)‖k2‖ < (M + 1)ε,
we thus have
‖k · ui − k‖ (M + 2)ε
provided i is sufficiently large. Thus (1) is satisfied.
Now suppose that a net (ui) ⊂K∗∗ as above exists. By Lemma 5.9 it suffices to show that A
is boundedly approximately amenable.
Set vi = e ⊗ e − ui ∈ (A ⊗̂ Aop)∗∗. Then π∗∗(vi) = e, and for a ∈ A,
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= (a ⊗ e − e ⊗ a)− (a ⊗ e − e ⊗ a)ui
→ 0, (11)
because a ⊗ e − e ⊗ a ∈K. Moreover, there is m> 0 such that
‖a · vi − vi · a‖m‖a‖ (a ∈ A, all i). (12)
Now let X be a unit-linked A-bimodule, and let D : A → X∗ be a derivation. Let ϕ :A ⊗̂A →
X∗ be the mapping specified by
ϕ(a ⊗ b) = a ·D(b) (a, b ∈ A).
Then ‖ϕ‖ ‖D‖, and for a ∈ A, u ∈ A ⊗̂ A,
ϕ(u · a) = ϕ(u) · a + π(u)D(a), ϕ(a · u) = a · ϕ(u).
The natural projection p : X∗∗∗ → X∗ is an A-bimodule morphism, ϕ∗∗ : (A ⊗̂ A)∗∗ →
X∗∗∗ is weak∗–weak∗ continuous, and the map Ψ = p ◦ ϕ∗∗ : (A ⊗̂ A)∗∗ → X∗ satisfies
‖Ψ ‖ ‖D‖. For a ∈ A, u ∈ (A ⊗̂ A)∗∗, noting that p is weak∗ continuous we have
Ψ (u · a) = Ψ (u) · a + π∗∗(u) ·D(a), Ψ (a · u) = a ·Ψ (u).
In particular, using neo-unitality,
D(a) = π∗∗(vi) ·D(a)
= Ψ (vi · a)−Ψ (vi) · a
= a ·Ψ (vi)−Ψ (vi) · a −Ψ (a · vi − vi · a).
Thus, by (11),
D(a) = lim
i
(
a ·Ψ (vi)−Ψ (vi) · a
)
whence, by (12),∥∥a ·Ψ (vi)−Ψ (vi) · a∥∥ ∥∥D(a)∥∥+ ‖Ψ ‖‖a · vi − vi · a‖ ‖D‖(m+ 1)‖a‖.
It follows that D is boundedly approximately inner. 
The same argument, with appropriate modifications, shows the following.
Theorem 5.11. The Banach algebra A is boundedly approximately contractible if and only if
there is a net (ui) ⊂K and M > 0 such that
(1) k · ui → k for each k ∈K;
(2) ‖k · ui‖M‖k‖ for all k ∈K and all i.
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right approximate identity. Using this and the above theorem, we have an alternative proof to the
result stating that every amenable Banach algebra is boundedly approximately contractible.
Remark 5.13. With the same argument one gets also similar characterizations for sequentially
approximate amenability and sequentially approximate contractibility.
6. Approximate amenability of direct sums and existence of approximate identities
We improve [13, Proposition 2.7] concerning the approximate amenability of the direct sum
of Banach algebras as follows. There appears to be a close relation between the existence
of two-sided approximate identities in approximately amenable algebras and the approximate
amenability of the direct sum of approximately amenable algebras.
Proposition 6.1. Suppose that A and B are approximately amenable Banach algebras. Suppose
that one of A or B has a bounded approximate identity. Then A⊕B is approximately amenable.
Proof. Let X be an (A ⊕ B)-bimodule, and let D : A ⊕ B → X∗ be a continuous derivation.
Suppose that (bα) ⊂ B is a bounded approximate identity for B . Without loss of generality we
assume
bα
wk∗−→ E in B∗∗ and D(bα) wk
∗−→ ξ in X∗∗∗.
From [4], X∗∗∗ is an (A ⊕ B)∗∗ = A∗∗ ⊕ B∗∗-bimodule. We can extend the module actions of
A⊕B on X∗∗∗ to actions of A ⊕B on X∗∗∗ by defining
eA · F = F −E · F, F · eA = F − F ·E, F ∈ X∗∗∗,
where eA is the identity for A.
Now view D as a derivation from A⊕B into X∗∗∗. We extend it to a derivation from A ⊕B
into X∗∗∗ by defining D(eA) = −ξ . It is readily seen that after this extension D is still a deriva-
tion. For instance, for each a ∈ A,
a ·D(eA)+D(a) · eA = −a · ξ +D(a)−D(a) ·E
= D(a)− weak∗- lim
α
D(abα)
= D(a) = D(aeA).
Since A⊕B is approximately amenable by [13, Proposition 2.7], it is approximately contractible
by Theorem 2.1. Therefore the extended D is approximately inner. So there exists a net (Fi) ⊂
X∗∗∗ for which
D(a,b) = lim
i
[
(a, b) · Fi − Fi · (a, b)
]
, a ∈ A, b ∈ B.
Applying the canonical projection from X∗∗∗ onto X∗ to both sides of the above equation, we
obtain that the original D is approximately inner. So A⊕B is approximately amenable. 
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for any neo-unital (A⊕B)-bimodule X, continuous derivations from A⊕B into X∗ are weak∗
approximately inner.
Proof. Let D : A ⊕ B → X∗ be a continuous derivation. Then D induces (continuous) deriva-
tions D1 : A → X∗, defined by D1(a) = D(a,0), and D2 : B → X∗, defined by D2(b) =
D(0, b). Since A and B are approximately amenable, there are nets (ξi), (ζi) ⊂ X∗ such that
D1(a) = lim
i
[
(a,0) · ξi − ξi · (a,0)
]
(a ∈ A), (13)
D2(b) = lim
i
[
(0, b) · ζi − ζi · (0, b)
]
(b ∈ B). (14)
Let (lAα ), (rAα ) respectively be left and right approximate identities of A, and let (lBα ), (rBα ) re-
spectively be left and right approximate identities of B . Then we have
(a,0) = lim
α
(a, b)
(
rAα ,0
)= lim
α
(
lAα ,0
)
(a, b) (a ∈ A),
(0, b) = lim
α
(a, b)
(
0, rBα
)= lim
α
(
0, lBα
)
(a, b) (b ∈ B).
These together with Eqs. (13) and (14) imply that there are nets (Φν) and (Ψν) in X∗ such that
D(a,b) = D1(a)+D2(b) = lim
ν
[
(a, b) ·Φν −Ψν · (a, b)
]
(a ∈ A, b ∈ B).
Since D is a derivation, (Φν) and (Ψν) in the above equation satisfy
(a, b) · (Φν −Ψν) · (c, d) ν→ 0 (a, c ∈ A, b, d ∈ B).
So we have
D(a,b)(c, d) = lim
ν
[
(a, b) ·Ψν −Ψν(a, b)
] · (c, d),
for all a, c ∈ A, b, d ∈ B . If X is a neo-unital (A⊕B)-bimodule, this implies that
D(a,b) = weak∗- lim
ν
[
(a, b) ·Ψν −Ψν · (a, b)
]
(a ∈ A, b ∈ B).
Therefore D is weak∗ approximately inner. 
Proposition 6.3. If A ⊕ A is approximately amenable, then A has a two-sided approximate
identity.
Proof. Make X = A an (A⊕A)-bimodule by defining module actions as follows.
(a, b) · x = ax, x · (a, b) = xb (x ∈ X, a,b ∈ A).
Then D(a,b) = a − b is a derivation from A⊕A into X. So there exists (xi) ⊂ X for which
a − b = lim(axi − xib) (a, b ∈ A).i
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mate identity. 
Suppose that A is an approximately amenable Banach algebra. In particular, A has one-
sided approximate identities. Consider the topology τ determined by the seminorms b → ‖ab‖
(a ∈ A).
Proposition 6.4. Suppose that A is approximately amenable, and that τ is stronger than the weak
topology on A. Then A has a two-sided approximate identity.
Proof. Take X = A as an (A⊕A)-bimodule as above.
Following the argument of Proposition 6.2, we have that for any derivation D : A ⊕ A → X
there is a net (Ψν) in X such that
D(a,b) · (c, d) = lim
ν
[
(a, b) ·Ψν −Ψν · (a, b)
] · (c, d).
Applying this to the derivation D(a,b) = a − b, we have that for every c ∈ A,
(a − b)c = lim
ν
(aΨν −Ψνb)c.
Hence from the assumption on τ ,
a − b = weak- lim
ν
(aΨν −Ψνb).
Thus (Ψν) is a two-sided weak approximate identity, and standard arguments yield a two-sided
approximate identity. 
Proposition 6.5. Suppose that
(1) span{aa∗: a ∈ A, a∗ ∈ A∗} is dense in A∗; and
(2) A is boundedly approximately amenable,
or
(3) A is boundedly approximately contractible.
Then A has a two-sided approximate identity.
Proof. Suppose (1) and (2) and let D and X ⊂ X∗∗ be as in Proposition 6.4. Then there is a net
(ξν) in X∗∗ such that
D(a,b)c = lim
ν
(a · ξν − ξν · b)c, a, b, c ∈ A,
where, moreover, (a · ξν − ξν · b) is bounded for each a, b ∈ A. It follows that for c ∈ A and
c∗ ∈ A∗, 〈
D(a,b), cc∗
〉= lim〈a · ξν − ξν · b, cc∗〉, a ∈ A,ν
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hypothesis on A∗,
a − b = weak∗- lim
ν
(a · ξν − ξν · b),
which suffices.
Supposing (3) the argument is similar but simpler. 
The spanning condition certainly holds if A∗ is essential with the usual module operations. It
also holds when A is approximately amenable and reflexive as a Banach space. For with (ei) a
right approximate identity for A, we have〈
a∗, a
〉= lim
i
〈
a∗, aei
〉= lim
i
〈
eia
∗, a
〉
,
so that span{cc∗}weak = A∗, and hence in norm by Mazur’s theorem. However, it should be noted
that no example of an infinite-dimensional reflexive approximately amenable Banach algebra
is known. Indeed, it has been conjectured that a reflexive amenable Banach algebra is finite-
dimensional [12].
Proposition 6.5 can be strengthened a little.
Proposition 6.6. Let M = (span{aa∗: a ∈ A, a∗ ∈ A∗}) . Suppose that A is boundedly ap-
proximately amenable and that M is complemented by a closed submodule in A∗. Then A has a
two-sided approximate identity.
Proof. Let N be a complementing closed submodule, such that A∗ = M ⊕N . By the definition
of M , the left action of A annihilates N . Let D : A ⊕ A → A∗∗ be given by D(a,b) = a − b.
Now A∗∗ = M∗ ⊕N∗, let Q be the quotient map of A∗∗ onto M∗. Then QD and (I −Q)D are
derivations into M∗ and N∗, respectively.
Since the right action of A on N∗ is trivial, and A has a left approximate identity, (I −Q)D
is approximately inner. For QD, the argument of Proposition 6.5 gives (ξi) ⊂ M∗ with
QD(a,b) = lim
i
[
(a, b) · ξi − ξi · (a, b)
]
(a, b ∈ A).
Thus we have D is weak∗-approximately inner, and hence approximately inner. The result fol-
lows as in Proposition 6.4. 
7. Lipschitz algebras
For general background for this section see [1] or [27]. For an infinite compact metric space
E and 0 < α < 1, and f : E → C, define
pα(f ) = sup
{ |f (x)− f (y)|
d(x, y)α
: x, y ∈ E, x = y
}
.
Then set
Lipα(E) =
{
f :X → C: pα(f ) < ∞
}
,
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lipα(E) =
{
f ∈ Lipα(E):
|f (x)− f (y)|
d(x, y)α
→ 0 as d(x, y) → 0
}
.
On each of these spaces set ‖f ‖α = ‖f ‖∞+pα(f ). Then with pointwise multiplication Lipα(E)
and lipα(E) are commutative Banach algebras.
Since Lipα(E) fails to be weakly amenable, 0 < α  1 [26, §9.2], it cannot be approximately
amenable. Of rather more interest is lipα(E) where this last statement only holds in general for
1/2 < α < 1 [1, Theorems 3.10, 3.11] and [3].
Here we make a very modest contribution towards answering the approximate amenability
question for these algebras.
With E and α as above, let A = lipα E, and set
X = {f ∈ Lipα(E ×E): f (x, x) = 0 (x ∈ E)}.
Proposition 7.1. The derivation D : A → X given by
(Da)(x, y) = a(x)− a(y) (a ∈ A, x, y ∈ E)
is non-inner but is sequentially approximately inner.
Proof. By [1, Theorem 3.9], D is non-inner.
For n ∈ N, set
Gn(x, y) = min
{
1, n
(
d(x, y)
)α}
(x, y ∈ E).
Note that ‖Gn‖α = 1 + αnα . Let a ∈ A, and consider
(a ·Gn −Gn · a −Da)(x, y) =
(
a(x)− a(y))(Gn(x, y)− 1). (15)
We show this converges to 0 in X. Note that uniform convergence to 0 is clear. Assume that the
result fails. Without loss of generality, there is η > 0 such that
‖a ·Gn −Gn · a −Da‖ > η (n ∈ N).
Thus there exist xn, yn, x′n, y′n ∈ E such that
|(a(xn)− a(yn))(Gn(xn, yn)− 1)− (a(x′n)− a(y′n))(Gn(x′n, y′n)− 1)|
[d(xn, x′n)+ d(yn, y′n)]α
 η. (16)
Note that necessarily limn(d(xn, x′n)+ d(yn, y′n)) = 0, since the numerator in (16) converges
uniformly to 0. Write
a(xn)− a(yn) =
(
a(xn)− a
(
x′n
))+ (a(x′n)− a(y′n))+ (a(y′n)− a(yn)).
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a(xn)− a(x′n)
d(xn, x′n)α
→ 0 and a(yn)− a(y
′
n)
d(yn, y′n)α
→ 0,
we deduce from (16) that
lim inf
n
|(a(xn)− a(yn))(Gn(xn, yn)−Gn(x′n, y′n))|
[d(xn, x′n)+ d(yn, y′n)]α
 η, (17)
lim inf
n
|(a(x′n)− a(y′n))(Gn(xn, yn)−Gn(x′n, y′n))|
[d(xn, x′n)+ d(yn, y′n)]α
 η. (18)
Now
|(Gn(xn, yn)−Gn(x′n, y′n))|
[d(xn, x′n)+ d(yn, y′n)]α

{
0, min{d(xn, yn), d(x′n, y′n)} 1/n,
1 + nα, otherwise.
Thus from (17) and (18) it follows that at least one of d(xn, yn) < 1/n or d(x′n, y′n) < 1/n
must hold for infinitely many n. Without loss of generality suppose it is the former. Then (18)
gives
η lim inf
n
∣∣a(xn)− a(yn)∣∣(1 + nα)
 lim inf
n
|a(xn)− a(yn)|
d(xn, yn)α
1 + nα
nα
= 0,
since d(xn, yn) < 1/n for infinitely many n. This is a contradiction. 
In the special case E = [0,1], the same style of argument also shows that for a fixed y ∈ [0,1],
un(x) = min{1,w(n(x − y))} defines an (unbounded) approximate identity in the maximal ideal
My = {f ∈ lipα[0,1]: f (y) = 0}. Thus results like [13, Corollary 2.4] are of no help as to the
approximate amenability of lipα[0,1].
A similar argument, with suitable Gn ∈ lipα[0,1] ⊗̂ lipα[0,1], and more technically involved,
shows that for E = [0,1] the derivation above is sequentially approximately inner when consid-
ered as mapping into lipα[0,1]2.
To show approximate amenability we in effect need to show convergence of (15), for such Gn,
in lipα[0,1] ⊗̂ lipα[0,1] rather than lipα[0,1]2 as above, and the norms involved are not equiva-
lent: ‖zn ⊗ zn‖π = O(n2α), ‖zn ⊗ zn‖α = O(nα). For any compact metric space E, the natural
map Φ : lipα(E) ⊗̂ lipα(E) → lipα(E2) is a contractive monomorphism, and Hedberg’s theorem
[18, Theorem 1] or [27, Theorem 4.4.2] can be used to show it has dense range.
8. Beurling algebras
Recall that a weight ω on a locally compact group is a continuous function G → (0,∞)
satisfying
ω(xy) ω(x)ω(y) (x, y ∈ G).
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corresponding to ω.
The weight ω is symmetric if ω(g) = ω(g−1) (g ∈ G). For any weight ω, its symmetrization
is the weight defined by Ω(g) = ω(g)ω(g−1) (g ∈ G).
Throughout Proposition 8.1–Theorem 8.4 below we assume that ω(e) = 1.
Proposition 8.1. Suppose the weight ω is bounded away from 0, and that L1(ω) is approximately
amenable. Then G is amenable.
Proof. The hypothesis ensures that L1(ω) ⊂ L1(G), and hence UC(G) is an L1(ω)-bimodule.
As in [13, Theorem 3.2], there is an invariant mean on UC(G), so G is amenable. 
The precise relation between the behaviour of ω and the approximate amenability of L1(ω) is
unresolved. For example L1(R, et ) ∼= L1(R) is amenable, so boundedness of ω is not necessary.
We conjecture that L1(ω) will fail to be approximately amenable whenever Ω → ∞. Indeed,
should this not be the case then we have a group G which is amenable by Proposition 8.1,
with L1(ω) approximately amenable but not amenable (see Theorem 8.6). While this remains
unresolved, a modified hypothesis yields a weaker result. Some preliminary constructions will
be required.
Suppose that G is a locally compact group, ω a continuous weight on G. Define
ω̂(x) = lim inf
r→∞
ω(rx)
ω(r)
(x ∈ G).
It is readily seen that ω̂ is continuous on G and for x, y ∈ G,
ω
(
x−1
)−1  ω̂(x) ω(x), ω̂(xy) ω̂(x)ω(y)∧ω(x)ω̂(y). (19)
Note that ω̂ is usually not a weight on G. In fact, ω̂−1 is a weight since we always have
ω̂(xy) ω̂(x)ω̂(y) (x, y ∈ G).
For ϕ ∈ L1(ω̂ ×ω), define
π(ϕ)(x) =
∫
G
ϕ
(
ξ, ξ−1x
)
dξ (x ∈ G).
Then π(ϕ) ∈ L1(ω̂) with ‖π(ϕ)‖ ‖ϕ‖. Set π∗ to be the adjoint of π , so that π∗ maps L∞(ω̂−1)
into L∞(ω̂−1 ×ω−1).
Lemma 8.2. Suppose that limx→∞ ω̂(x−1)ω(x) = ∞. Then π∗|C0(ω̂−1) maps C0(ω̂−1) into
C0(ω̂−1 ×ω−1).
Proof. Let f ∈ C0(ω̂−1), and let ‖f ‖ω̂ denote its norm. By definition π∗(f )(x, y) = f (xy),
and so is certainly continuous on G × G. Take ε > 0, and a compact set N ⊂ G such that
|f (x)ω̂(x)−1| < ε for x ∈ G \ N . Set c = sup{ω̂(x)ω(x−1): x ∈ N}. By hypothesis there is a
compact set K ⊂ G such that
c‖f ‖ω
−1 < ε (y ∈ G \K).ω̂(y )ω(y)
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∣∣∣∣ |f (xy)|ω̂(xy) < ε.
On the other hand for (x, y) /∈ A and xy ∈ N , so that y /∈ K , (19) gives
∣∣∣∣π∗(f )(x, y)ω̂(x)ω(y)
∣∣∣∣= |f (xy)|ω̂(xy) ω̂(xy)ω̂(x)ω(y)
 ‖f ‖ω̂ ω̂(xy)ω(y
−1x−1)
ω̂(y−1)ω(y)
 c‖f ‖ω̂
ω̂(y−1)ω(y)
< ε.
Thus π∗(f ) ∈ C0(ω̂−1 ×ω−1). 
Viewing π as a map from L1(ω×ω), almost the same argument as above yields the following.
Lemma 8.3. Suppose that limx→∞ ω(x−1)ω(x) = ∞. Then π∗|C0(ω−1) maps C0(ω−1) into
C0(ω−1 ×ω−1).
When the hypothesis that limx→∞ ω̂(x−1)ω(x) = ∞ (or the hypothesis that
limx→∞ ω(x−1)ω(x) = ∞) holds, set π˜ = (π∗|C0(ω̂−1))∗ :M(ω̂ × ω) → M(ω̂) (or, respec-
tively, π˜ = (π∗|C0(ω−1))∗ :M(ω × ω) → M(ω)). Then π˜ extends π and is weak∗–weak∗
continuous.
Theorem 8.4. Let ω be a weight function on G.
(1) Suppose that there is a net (rα) ⊂ G such that limα rα = ∞ and (ω(r−1α )ω(rα)) is bounded.
Then L1(ω) is boundedly approximately contractible if and only if it is amenable;
(2) Suppose that limx→∞ ω̂(x−1)ω(x) = ∞. Then L1(ω) is not boundedly approximately
amenable.
Proof. We begin by setting up some module machinery. It is routine to check that C0(ω−1 ×
ω−1) is a Banach L1(ω)-bimodule, and hence a Banach M(ω)-bimodule; the module actions are
given by ⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
(μ · f )(x, y) =
∫
G
f (x, yξ) dμ(ξ),
(f ·μ)(x, y) =
∫
f (ξx, y) dμ(ξ),
(20)G
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bimodule, with actions ⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
〈μ ·m,f 〉 =
∫
G3
f (ξx, y) dμ(ξ) dm(x, y),
〈m ·μ,f 〉 =
∫
G3
f (x, yξ) dμ(ξ) dm(x, y),
(21)
where μ ∈ M(ω),m ∈ M(ω ×ω) and f ∈ C0(ω−1 ×ω−1).
We also have C0(ω̂−1 ×ω−1) is an M(ω)-bimodule with actions given by (20). So M(ω̂×ω)
is a dual M(ω)-bimodule, with module actions given by (21). Moreover, these actions are weak∗–
weak∗ continuous in each variable separately.
Finally, the natural dual actions given by⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
(f ·m)(z) =
∫
G×G
f (x, yz) dm(x, y),
(m · f )(z) =
∫
G×G
f (zx, y) dm(x, y)
(22)
for f ∈ C0(ω̂−1 ×ω−1) and m ∈ M(ω̂×ω) define mappings from C0(ω̂−1 ×ω−1)×M(ω̂×ω)
into C0(ω̂−1).
Note that M(ω × ω) is a dual L1(ω)-bimodule by restricting the operations in (21). Con-
sider the continuous mapping D : L1(ω) → M(ω × ω) given by D(f ) = f ⊗ δe − δe ⊗ f .
In general, D is a derivation into kerπ . If limx→∞ ω(x−1)ω(x) = ∞, we can regard D as a
derivation into ker π˜ which, by Lemma 8.3, is a dual L1(ω)-bimodule. Now suppose that L1(ω)
is boundedly approximately contractible or that it is boundedly approximately amenable with
limx→∞ ω̂(x−1)ω(x) = ∞ (which implies that limx→∞ ω(x−1)ω(x) = ∞). Then there is a net
(μj ) ((μj ) ⊂ kerπ in the former case and (μj ) ⊂ ker π˜ in the latter case) and k0 > 0 such that
for all ϕ ∈ L1(ω),
D(ϕ) = lim
j
(ϕ ·μj −μj · ϕ), with ‖ϕ ·μj −μj · ϕ‖ k0‖ϕ‖.
Set Mj = δe ⊗ δe −μj and k = k0 + 2. Then π(Mj ) = δe (or, respectively, π˜(Mj ) = δe), and for
every ϕ ∈ L1(ω),
ϕ ·Mj −Mj · ϕ j→ 0 and ‖ϕ ·Mj −Mj · ϕ‖ k‖ϕ‖ for all j. (23)
Since the M(ω)-bimodule operations are weak∗–weak∗ continuous from (21), it follows from
(23) that
‖μ ·Mj −Mj ·μ‖ k‖μ‖
(
μ ∈ M(ω)).
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G×G
ω(x)ω(y)d|δr ·Mj −Mj · δr |(x, y) kω(r),
and so ∫
G×G
ω(rx)ω(y)
ω(r)
d|Mj − δr−1 ·Mj · δr |(x, y) k
for r ∈ G and all j . Then for any compact set K ⊂ G×G,∫
K
ω(rx)ω(y)
ω(r)
d|Mj |(x, y) k +
∫
K
ω(rx)ω(y)
ω(r)
d|δr−1 ·Mj · δr |(x, y)
 k +
∫
(r,e)K(e,r−1)
ω(x)ω(yr)
ω(r)
d|Mj |(x, y)
 k +
∫
(r,e)K(e,r−1)
ω(x)ω(y)d|Mj |(x, y).
But Mj ∈ M(ω ×ω), and so, as r → ∞, the integral on the right-hand side tends to 0.
If L1(ω) is boundedly approximately contractible and there is a net (rα) ⊂ G such that
rα → ∞ and ω(r−1α )ω(rα) d for all α, then we let r tend to ∞ through (rα). Noting that
ω(rx)ω(y)
ω(r)
 ω(x)ω(y)
ω(r−1)ω(r)
 1
d
ω(x)ω(y)
when r = rα , we have
1
d
‖Mj‖ k for all j .
Therefore, (Mj ) is a bounded net in M(ω × ω) ⊂ (L1(ω) ⊗̂ L1(ω))∗∗, which implies that there
is a virtual diagonal for L1(ω). Thus L1(ω) is amenable. This together with the remark after
Definition 5.1 proves the first statement of the theorem.
Now suppose that L1(ω) is boundedly approximately amenable and that
limx→∞ ω̂(x−1)ω(x) = ∞. We have∫
K
ω̂(x)ω(y)d|Mj |(x, y) lim sup
r→∞
∫
K
ω(rx)ω(y)
ω(r)
d|Mj |(x, y) k.
(In fact, let Λ be the collection of all compact sets of G with the inclusion as partial order. Then
the net (fC)C∈Λ with fC(x, y) = infr∈G\C ω(rx)ω(r) ω(y) ((x, y) ∈ K) is equicontinuous, and so
converges to ω̂ ×ω in measure on K .) Thus the net (Mj ) is bounded in M(ω̂ ×ω). By going to
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that weak∗ continuity of π˜ and π˜ (Mj ) = δe give π˜ (M) = δe .
Now for each ϕ ∈ L1(ω), ϕ ·Mj −Mj · ϕ → 0 in M(ω×ω), and since ω̂  ω, this limit also
holds in M(ω̂ ×ω). But then by weak∗ continuity
ϕ ·M −M · ϕ = 0 (ϕ ∈ L1(ω)).
By weak∗ continuity again, we have μ · M − M · μ = 0 for μ ∈ M(ω), so in particular M =
δr−1 ·M · δr for r ∈ G. Thus
‖M‖ω̂×ω = ‖δr−1 ·M · δr‖ =
∫
G×G
ω̂
(
r−1x
)
ω(yr) d|M|(x, y).
So for any compact K ⊂ G×G,
∞ > ‖M‖ω̂×ω 
∫
K
ω̂
(
r−1x
)
ω(yr) d|M|(x, y)

∫
K
ω̂(r−1)ω(r)
ω(x−1)ω(y−1)
d|M|(x, y)
 ω̂(r
−1)ω(r)
CK
∫
K
d|M|(x, y),
where CK = max(x,y)∈K−1 ω(x)ω(y). Letting r → ∞, finiteness of ‖M‖ω̂×ω implies that∫
K
d|M|(x, y) = 0, and this holding for any compact K ⊂ G × G necessitates M = 0. But this
is a contradiction to π˜ (M) = δe . Thus the second statement of the theorem is true. 
Corollary 8.5. The Beurling algebras 1(Z,ω), ω(n) = (1+|n|)α with α > 0, are not boundedly
approximately amenable and hence are not sequentially approximately amenable.
As noted in [13], approximate amenability implies weak amenability for commutative alge-
bras, so by [1], 1((1 + |n|)α) is not approximately amenable for α  1/2.
Now we give a new proof for characterization of amenability of Beurling algebras due to
N. Grønbæk.
Let Ω be the symmetrization of ω as defined in the beginning of this section. The following
is essentially [17, Theorem 0].
Theorem 8.6. Let G be a locally compact group, ω a weight on G with ω(e) = 1. Then the
following are equivalent:
(i) L1(ω) is amenable;
(ii) L1(Ω) is amenable;
(iii) G is amenable and Ω is bounded.
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with the assumption that ω(e) = 1.
Proposition 8.7. Let ω be a weight function on a locally compact group G, and suppose that
L1(ω) is amenable. Then Ω is bounded.
Proof. Let f ∈ L1(ω) have compact support K and be such that ∫
G
f (x)dx = 0. Certainly
F = f · 1K ∈ L∞(ω−1) since 1K ∈ L∞(ω−1) and L∞(ω−1) is a Banach L1(ω)-bimodule. Then
π∗(F ) ∈ L∞(ω−1 ×ω−1) with
π∗(F )(x, y) = F(xy) =
∫
1K(xyξ)f (ξ) dξ.
It follows that π∗(F )(x, y) = 0 for xy /∈ KK−1. Set E = KK−1, a compact subset of G.
Now suppose that u ∈ L1(ω × ω)∗∗ is a virtual diagonal for L1(ω), so that u = δg · u · δg−1
(g ∈ G), and π∗∗(u) · f = f . Thus
〈
π∗(F ),u
〉= 〈F,π∗∗(u)〉= 〈1K,π∗∗(u) · f 〉= 〈1K,f 〉 = ∫
K
f (x)dx = 0. (24)
Define
A = {(x, y): xy ∈ E}.
Then π∗(F ) has support contained in A, so π∗(F ) = π∗(F )1A.
Given α > 0, define
Aα =
{
(x, y) ∈ A: ω(x)ω(y) < α},
Bα = A \Aα =
{
(x, y) ∈ A: ω(x)ω(y) α}.
Clearly π∗(F )1Aα ,π∗(F )1Bα ∈ L∞(ω−1 ×ω−1), and π∗(F ) = π∗(F )1Aα + π∗(F )1Bα .
Now estimate, ∣∣〈π∗(F )1Bα ,u〉∣∣ ∥∥π∗(F )1Bα∥∥ · ‖u‖
= ‖u‖ sup
Bα
∣∣∣∣π∗(F )(x, y)ω(x)ω(y)
∣∣∣∣
= ‖u‖ sup
Bα
∣∣∣∣F(xy)ω(xy) · ω(xy)ω(x)ω(y)
∣∣∣∣
 α−1‖u‖‖F‖c1,
where c1 = supt∈E ω(t). Thus
lim
〈
π∗(F )1Bα ,u
〉= 0. (25)
α→∞
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∣∣〈π∗(F )1Aα ,u〉∣∣= ∣∣〈π∗(F )1Aα , δg · u · δg−1 〉∣∣
 ‖u‖∥∥δg−1 · π∗(F )1Aα · δg∥∥
= ‖u‖ sup
Aα
∣∣∣∣ π∗(F )(x, y)ω(g−1x)ω(yg)
∣∣∣∣
= ‖u‖ sup
Aα
∣∣∣∣F(xy)ω(xy) · ω(xy)ω(g−1x)ω(yg)
∣∣∣∣
 ‖u‖‖F‖ sup
Aα
ω(xy)ω(x−1)ω(y−1)
ω(g−1)ω(g)
 ‖u‖‖F‖ sup
Aα
ω(xy)ω2(y−1x−1)ω(x)ω(y)
ω(g−1)ω(g)
.
Thus
∣∣〈π∗(F )1Aα ,u〉∣∣ α‖u‖ ‖F‖c1c22
ω(g−1)ω(g)
, (26)
where c2 = supt∈E−1 ω(t).
Suppose the result is false. Then there is a sequence (gn) ⊂ G such that
limn→∞ ω(gn)ω(g−1n ) = ∞, whence it follows from (26) that for each α > 0,∣∣〈π∗(F )1Aα ,u〉∣∣= 0. (27)
Putting (25) and (27) together, it follows that〈
π∗(F ),u
〉= 0,
contradicting (24). 
Remark 8.8. The continuity of ω, as distinct from its measurability, is only used to ensure ω is
bounded on compact subsets of G. Thus Proposition 8.7 remains true for any locally bounded
measurable weight. However, from [29], a measurable weight is always locally bounded. From
[25, Theorem 3.7.5] such a weight is equivalent to a continuous weight (note that the condition
w(g) 1 (g ∈ G) is not necessary if we do not require L1(ω) ⊂ L1(G)).
The next step owes much to the argument of [29, Lemma 1].
Proposition 8.9. Let G be a locally compact group, ω a weight on G such that L1(ω) is
amenable. Then there is a continuous positive character φ on G such that
φ(g) ω(g) (g ∈ G).
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π∗∗(u) · f = f (f ∈ L1(ω)). For f ∈ L∞(ω−1 ×ω−1)+, define
u˜(f ) = sup{Re〈u,ψ〉: 0 |ψ | f,ψ ∈ L∞(ω−1 ×ω−1)}.
Then u˜ ≡ 0 on L∞(ω−1 ×ω−1)+ and u˜ is affine on L∞(ω−1 ×ω−1)+, and satisfies 0 u˜(f )
‖u‖‖f ‖ (f ∈ L∞(ω−1 × ω−1)+). Thus u˜ can be extended to a bounded linear functional on
L∞(ω−1 ×ω−1) in the obvious manner. Then u˜ = 0, 〈˜u,f 〉 0 for f ∈ L∞(ω−1 ×ω−1)+, and
δg−1 · u˜ · δg = u˜ (g ∈ G).
Now define
ω˜(x) = sup
g∈G
ω
(
g−1xg
)
(x ∈ G).
Note that ω˜ is lower semicontinuous and hence measurable. By Proposition 8.7, Ω is bounded,
whence ω˜ ∈ L∞(ω−1). Further, clearly ω˜(g−1xg) = ω˜(x) (x, g ∈ G), whence ω˜(xy) = ω˜(yx)
(x, y ∈ G).
Consider π∗(ω˜ ) ∈ L∞(ω−1 ×ω−1). Note that
δg · π∗(ω˜ ) · δg−1 = π∗(ω˜ ) (g ∈ G).
Take f ∈ Cc(G)+ with
∫
f = 1, let K be the support of f , and set h = f · 1K , where we regard
f as an element in L1(ω) and 1K in L∞(ω−1). Then h is continuous with support contained in
KK−1. Since ω˜(x)  ω(x) > 0 for x ∈ G, there is c > 0 such that ω˜  ch, whence π∗(ω˜ ) 
cπ∗(h). Thus 〈˜
u,π∗(ω˜ )
〉
 c
〈˜
u,π∗(h)
〉
 cRe
〈
u,π∗(h)
〉
= cRe〈π∗∗(u),h〉 cRe〈f,1K 〉 = c > 0.
Set F = 〈˜u,π∗(ω˜ )〉−1π∗(ω˜ ) ∈ L∞(ω−1 × ω−1), so we have that δg−1 · F · δg = F (g ∈ G)
and 〈˜u,F 〉 = 1. Now define, for g ∈ G,
Ag(x, y) = 12
[
log
ω(gx)ω(gy−1)
ω(x)ω(y−1)
]
F(x, y) (x, y ∈ G).
Then for g ∈ G,
logω
(
g−1
)
F Ag  logω(g)F, (28)
so that Ag ∈ L∞(ω−1 ×ω−1). Note that, for g1, g2 ∈ G,
Ag1g2 = δg−12 ·Ag1 · δg2 +Ag2 . (29)
Finally, define
φ(g) = exp 〈˜u,Ag〉 (g ∈ G).
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φ(g1g2) = φ(g1)φ(g2) (g1, g2 ∈ G),
so that φ is a character, and from (28)
φ(g) exp
〈˜
u, logω(g)F
〉= ω(g) (g ∈ G),
shows φ is dominated by ω. As in [29, Lemma 1], φ bounded (on a neighbourhood of e) shows
it is continuous. 
Corollary 8.10. Let G be a locally compact group, ω a weight on G. Then, if L1(ω) is amenable,
G is amenable.
Proof. By Proposition 8.9 there is a continuous positive character φ  ω. Then Φ : f → φf is
a continuous monomorphism of L1(G,ω) → L1(G). Since φ is bounded on compact sets, the
range of Φ contains Cc(G), whence L1(G) is amenable. It is standard that this is equivalent to
G being amenable. 
Proposition 8.11. Let G be a locally compact group, ω a weight on G. Then G is amenable and
Ω is bounded if and only if L1(Ω) is amenable.
Proof. Supposing G is amenable and Ω is bounded, L1(Ω) ∼= L1(G) is amenable. The converse
is the symmetric case of Proposition 8.7 and Corollary 8.10. 
The final step is then
Proposition 8.12. Let G be an amenable locally compact group, ω a weight on G such that Ω
is bounded. Then L1(ω) is amenable.
Proof. It suffices to note that Ω bounded ensures the argument of [21, Theorem 2.5] applies. 
Remark 8.13. In fact L1(ω) ∼= L1(G) when the former is amenable, using the argument of
[28, Corollary 2], with appeal to [17] replaced by Propositions 8.7 and 8.12 above to avoid the
ω(e) = 1 condition.
For the interest of the readers who prefer constructive proofs, in Appendix A appearing at the
end of the paper, we have given a construction of a bounded approximate diagonal for L1(ω), as
a substitute for the proof of (iii) ⇒ (i).
9. Discrete semigroup algebras
A discrete semigroup S is left amenable if the space ∞(S) admits a functional m such that
m(1) = 1 = ‖m‖ and m(xf ) = m(f ) (x ∈ S, f ∈ ∞(S)). Similarly for right amenable. If S is
both left and right amenable, it is amenable. In the case of a group, or even an inverse semigroup,
left (or right) amenable implies amenable. These notions go back to [7].
We recall some further standard notions from semigroup theory. Only the left versions will be
defined. Let S be a semigroup.
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semigroup if such s∗ exists and is unique;
(2) T ⊆ S is a left ideal group if T is a left ideal in S as well as being a group under the
semigroup operation.
Set ES to be the set of idempotents in S. Note that in (1) above both ss∗, s∗s ∈ ES .
We summarize some known structural implications of amenability of 1(S). In fact a charac-
terization is given in [5, Theorem 10.12].
Theorem 9.1. Let S be a semigroup with 1(S) amenable. Then:
(i) S is amenable [9, Lemma 3];
(ii) S is regular [10, Theorem 2];
(iii) ES is finite [10, Theorem 2];
(iv) 1(S) has an identity [5, Corollary 10.6];
(v) S contains exactly one left ideal group S0, which is also the only right ideal group, and
S = S0z−1 = z−1S0 for some idempotent z [23, Theorem 4.4], furthermore S0 is amenable.
Now suppose that 1(S) is approximately amenable. Example 4.6 shows that (iii), (iv) and (v)
may fail. On the other hand,
Theorem 9.2. Let S be a semigroup such that 1(S) is approximately amenable. Then
(i) S is regular;
(ii) S is amenable.
Proof. The argument of [10, Theorem 1] is valid as far as showing that for each v ∈ S, sS ∩
[vv−1] = ∅, and that is sufficient to show regularity [10, Corollary 2]. Further, the standard
argument [3, Theorem 5.6.1(ii)], applied to an approximate diagonal yields a net (Λν) ⊂ ∞(S)∗
satisfying δs ·Λν = Λν , Λνδs −Λν → 0 weak∗, for all s ∈ S, and 〈1,Λν〉 → 1. The argument at
the end of [13, Theorem 3.2] now gives an invariant mean, so that S is amenable. 
Remark 9.3. The argument of [13, Theorem 3.1], has been used in [22, Theorem 1.1 ] to show
that S left cancellative with 1(S) approximately amenable implies that S is left amenable.
A simple modification of that argument (redefining their map θ ) in fact yields the general The-
orem 9.2(ii). Unfortunately the argument of [22, Theorem 1.8], which uses [13, Lemma 2.4],
overlooks the hypothesis of the latter that the identity must have unit norm (in [22, Theorem 1.8]
the identity EF satisfies ‖EF ‖ = |F |, clearly unbounded as F varies).
Appendix A
In this appendix we give a direct construct of an approximate diagonal for L1(ω) to show
(iii) ⇒ (i) of Theorem 8.6 (that is, Proposition 8.12) without assuming ω(e) = 1. First a simple
lemma.
Lemma A.1. Let ω be a weight on G (not necessarily satisfying ω(e) = 1). Then the following
are equivalent:
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(ii) there is a constant k > 0 such that
ω(gh) kω(g)ω(h) (g,h ∈ G); (30)
(iii) there is a weight ω˜ on G, equivalent to ω, with g → ω˜(g)ω˜(g−1) a constant.
Proof. (i) ⇒ (ii).
ω(g)ω(h) ω(g)ω
(
g−1
)
ω(gh)Ω(g)ω(gh) const ·ω(gh).
(ii) ⇒ (i). Just take h = g−1.
(ii) ⇒ (iii). Define
ω˜(g) =
(
ω(g)
kω(g−1)
)1/2
.
Clearly ω˜(g)ω˜(g−1) = 1/k. Further,
ω˜(g) =
(
ω(g2g−1)
kω(g−1)
)1/2

(
ω(g2)
k
)1/2
 ω(g)√
k
and
ω˜(g) =
(
ω(g2g−1)
kω(g−1)
)1/2
 ω
(
g2
)1/2  (kω(g)2)1/2 = √kω(g).
Thus ω˜ and ω are equivalent.
Finally,
ω˜(gh) =
(
ω(gh)
kω(h−1g−1)
)1/2

(
ω(g)ω(h)
k2ω(h−1)ω(g−1)
)1/2
= ω˜(g)ω˜(h).
(iii) ⇒ (ii) is obvious. 
Theorem A.2. Let ω be a weight on G (not necessarily satisfying ω(e) = 1). Suppose that G
is amenable and Ω is bounded. Then L1(ω) has a bounded approximate diagonal and hence is
amenable.
Proof. We will use ‖ · ‖1 for the usual L1-norm, ‖ · ‖ω the norm in L1(ω). Lt will denote
the left translation by t : (Lta)(s) = a(t−1s). Fix throughout a neighbourhood V of e such that
ω(g) 2ω(e) for g ∈ V . Let k be the constant given by Lemma A.1(ii).
Now take ε > 0 and a finite subset F ⊂ L1(ω). Take a compact set K such that∫
ω(t)
∣∣f (t)∣∣dt < εk/(8ω(e)) (f ∈ F).
G\K
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εk/(4ω(e)) for t ∈ K , f ∈ F .
Now fω ∈ L1(G) for each f ∈ F , and so by [20, Theorem II.4.9] there is a neighbourhood u
of e such that for s ∈ supp(a), t ∈ U , f ∈ F ,
∥∥Lsts−1(f ω)− fω∥∥1 < ε2 ,
‖f ‖ω
[∣∣ω(sts−1)− 1∣∣+ |ω(st−1s−1)− 1|
ω(st−1s−1)
]
<
ε
2
.
Thus we have
‖Lsts−1f − f ‖ω 
∥∥Lsts−1(f ω)− fω∥∥1 + ∥∥Lsts−1f (Lsts−1ω −ω)∥∥1
<
ε
2
+ ∥∥f (ω −Lst−1s−1ω)∥∥1
 ε
2
+ ‖f ‖ω
∥∥∥∥1 − Lst−1s−1ωω
∥∥∥∥∞
 ε
2
+ ‖f ‖ω
[∣∣ω(sts−1)− 1∣∣+ |ω(st−1s−1)− 1|
ω(st−1s−1)
]
< ε.
Now take b ∈ L1(G)+ with ‖b‖1 = 1 and supp(b) ⊂ U . Define uε,F = u in L1(G×G) by
u(s, t) = a(s)b(ts)Δ(s),
where Δ is the modular function of G. Since a and b have compact support, u ∈ L1(ω × ω)
which is, of course, L1(ω) ⊗̂L1(ω).
Further, u is bounded independent of ε and F :
‖u‖ω×ω =
∫
G×G
ω(s)a(s)b(ts)Δ(s)ω(t) ds dt
=
∫
G×G
ω(s)ω
(
ts−1
)
a(s)b(t) ds dt
 1
k
∫
G×G
ω(t)a(s)b(t) ds dt
 2ω(e)
k
‖a‖1‖b‖1 = 2ω(e)
k
.
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(f · u)(s, t) =
∫
G
f (v)a
(
v−1s
)
b
(
tv−1s
)
Δ
(
v−1s
)
dv,
(u · f )(s, t) =
∫
G
a(s)b
(
tv−1s
)
Δ
(
v−1s
)
f (v) dv,
so that
(f · u− u · f )(s, t) =
∫
G
(
a
(
v−1s
)− a(s))b(tv−1s)Δ(v−1s)f (v) dv.
Thus
‖f · u− u · f ‖ω×ω 
∫
G3
ω(s)ω(t)
∣∣a(v−1s)− a(s)∣∣b(tv−1s)Δ(v−1s)∣∣f (v)∣∣dv ds dt

∫
G3
ω(s)
∣∣a(v−1s)− a(s)∣∣b(t)ω(ts−1v)∣∣f (v)∣∣dv ds dt

∫
G3
ω(s)ω(s−1v)
ω(v)
ω(t)
∣∣a(v−1s)− a(s)∣∣b(t)∣∣f (v)∣∣ω(v)dv ds dt
 2ω(s)
k
∫
G
‖Lva − a‖1
∣∣f (v)∣∣ω(v)dv
 2ω
k
( ∫
G\K
+
∫
K
)
‖Lva − a‖1
∣∣f (v)∣∣ω(v)dv
 2ω(e)
k
(
2
∫
G\K
∣∣f (v)∣∣ω(v)dv + kε
4ω(e)
)
< ε.
Further,
π(u) ∗ f (t) =
∫
G×G
a(s)b
(
s−1vs
)
Δ(s)f
(
v−1t
)
dv ds
=
∫
G×G
a(s)b(v)f
(
sv−1s−1t
)
dv ds,
so that
1810 F. Ghahramani et al. / Journal of Functional Analysis 254 (2008) 1776–1810∥∥π(u) ∗ f − f ∥∥
ω
=
∫
G×G
a(s)b(v)‖Lsvs−1f − f ‖ω dv ds
< ε
∫
G×G
a(s)b(v) ds dv = ε.
It follows that (uε,F ) is an approximate diagonal for L1(ω) with bound at most 2ω(e)/k. 
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